The union of a Riesz set and a Lust-Piquard set is a Riesz set  by Lefèvre, Pascal & Rodríguez-Piazza, Luis
Journal of Functional Analysis 233 (2006) 545–560
www.elsevier.com/locate/jfa
The union of a Riesz set and a Lust-Piquard set is a
Riesz set
Pascal Lefèvrea,∗, Luis Rodríguez-Piazzab
aFaculté Jean Perrin, Université d’Artois, rue Jean Souvraz S.P. 18, 62307 Lens cedex, France
bFaculdad de Matematica, Universidad de Sevilla, Apdo 1160, 41080 Sevilla, Spain
Received 8 April 2005; accepted 12 July 2005
Communicated by G. Pisier
Available online 1 September 2005
Abstract
We prove that the union of a Riesz set and a Lust-Piquard set is a Riesz set. This gives as
corollaries known results of Y. Katznelson, R.E. Dressler-L. Pigno, and D. Li. Moreover, we
give an example of a Rosenthal set which is dense in Z for the Bohr topology.
© 2005 Elsevier Inc. All rights reserved.
MSC: 42A55; 43A46; 43A77
Keywords: Bishop–Rudin–Carleson theorem; Ergodic sets; Invariant means; Lust-Piquard sets; Riesz sets
1. Introduction
In this paper, we are interested in the stability by union of one of the most classical
class of lacunary sets in harmonic analysis. Namely, this involves the class of Riesz
sets (see Deﬁnition). The classical theorem of Riesz bros. asserts that the set of non-
negative integers is a Riesz set. Of course, the set of negative integers is a Riesz set
as well, so that the class of Riesz is not stable by union in full generality. Hence, for
the union to be still a Riesz set, at least one of the two sets has to be thinner. Rudin
noticed in his seminal paper [R4] that the union of the negative integers and a (1)
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set is a Riesz set. But the ﬁrst (general) positive result was given by Meyer [M], who
showed that the union of a Riesz set and a strong Riesz set (roughly, its closure for the
Bohr topology is still Riesz) is a Riesz set. Later, Dressler and Pigno [DP] proved that
the union of a Riesz set and a Rosenthal set (see Deﬁnition) is again a Riesz set. Some
other results were given in [L]. The class of Rosenthal sets is a strict subclass of the
class of Lust-Piquard sets (see Deﬁnition), itself being a strict subclass of Riesz sets.
Actually, we did not ﬁnd any reference about the existence of Rosenthal sets which are
not strong Riesz (hence showing that the result of Dressler and Pigno is not already
contained in Meyer’s). We give such an example at the end of the paper.
The aim of this note is to prove that the union of a Riesz set and a Lust-Piquard
set is still a Riesz set.
Let us outline the organization of the paper: we ﬁrst specify some deﬁnitions and
notation. The main part of the paper is devoted to the proof of Theorem 1. Its proof
is a direct consequence of our Theorem 2. The assertions and proofs of intermediate
lemmas and propositions are presented in the body of the proof of this theorem. Then,
we treat the non-metrizable case. At the end, we add an example of a Rosenthal set
(a fortiori a Lust-Piquard set) which is dense in Z for the Bohr topology.
2. Notation
Let us recall some notation and deﬁnitions of the classes of thin sets involved in the
paper. Throughout this paper, G will be a compact abelian group, and  = Gˆ will be
its (discrete) dual group. The Haar measure of G will be denoted by m, and integration
with respect to m by dt or dx. We shall write the group structure of  additively, so
that, for  ∈ , the character (−) ∈  is the function  ∈ C(G). The classical example
is G = T, the torus, and then  is identiﬁed to Z by p → ep, where ep(x) = e2ipx .
We denote by M(G) the space of (regular) Borel complex measures on G. We will
consider in the usual way L1(G) as a subspace of M(G): the subspace of absolutely
continuous measures.
For f ∈ L1(G) or more generally for  ∈ M(G), the Fourier coefﬁcient of f (of )
at  ∈  is fˆ () = ∫
G
f (t) (t) dt (ˆ() = ∫
G
(t) d(t)). If X is a linear subspace of
L1(G) or M(G), X will be the subspace of those f ∈ X whose Fourier coefﬁcients
vanish outside .
Deﬁnition. A subset  of  is called a Riesz set if every measure  belonging to
M(G) is absolutely continuous with respect to the Haar measure; that is, if M(G) =
L1(G).
In this context, the classical F. and M. Riesz Theorem means that  = N is a Riesz
subset of Z, the dual group of T.
If x ∈ G and f is a function deﬁned on G, we denote by fx the translate of f by x,
that is the function deﬁned by fx(t) = f (t − x), for every t ∈ G. An invariant mean
M on L∞(G) is a continuous linear functional on L∞(G) such that M(F) = ‖M‖ = 1
and M(fx) = M(f ), for every f ∈ L∞(G) and every x ∈ G.
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The Haar measure m deﬁnes an invariant mean, and Rudin [R1] showed that, for
inﬁnite compact abelian groups G, there always exist other invariant means on L∞(G).
A function f ∈ L∞(G) has a unique invariant mean if M(f ) = fˆ (0) for every invariant
mean M on L∞(G); otherwise we shall say that f has several invariant means. Every
continuous function (or, even, every Riemann-integrable function: [RS, p. 38] or [T])
has a unique invariant mean.
Deﬁnition. A subset  of  = Gˆ is called a Lust-Piquard set if f has a unique
invariant mean for every f ∈ L∞ and every  ∈ .
In [Lu1] (and then in [Li]; see also [Lu2]), Lust-Piquard called them totally ergodic
sets. In [LLQR], the new terminology is introduced and we explain there why we do
so. The goal of this paper is to prove the following theorem:
Theorem 1. Let E,  be two subsets of  such that E is a Riesz set, and  is a
Lust-Piquard set. Then their union E ∪  is a Riesz set.
Most of the paper is devoted to the proof of this theorem. Let us ﬁrst observe the
following corollaries:
(1) The union of a Rosenthal set and a Riesz set is a Riesz set. This is a result of
Dressler and Pigno [DP] (see also [GLP] for another proof). Let us recall that 
is a Rosenthal set if L∞ (G) = C(G). Then  is a Lust-Piquard set since every
continuous function has a unique invariant mean. Let us remark that there exist
Lust-Piquard sets which are not Rosenthal sets (see [Lu3] or [LLQR]).
(2) Every Lust-Piquard set is a Riesz set. This is a result of Li [Li].
(3) For G = T, N is not a Lust-Piquard subset of Z. This is a result of Katznelson
(see [RS]). It can be obtained as a consequence of Theorem 1, since Z− is a Riesz
set, and Z is not so.
More generally, the following version is new:
(3′) A Lust Piquard set E⊂N does not contain the positive part of the support of a Riesz
product. Indeed, suppose that E contains a set {a+∑ εjnj | εj∈{−1, 0,+1}}∩N,
where nj is an increasing sequence of integers (and we may suppose that nj+13nj )
then Z− ∪E would be a Riesz set. But the Riesz product ea(x)∏[1+cos(2njx)]
would deﬁne a singular measure with spectrum in Z− ∪ E.
(4) Theorem 1 gives a partial answer to a problem of Rudin [R4]: characterize subset
E of N such that Z− ∪ E is still a Riesz set.
3. Proofs
We ﬁrst prove Theorem 1 when G is metrizable, and give the general case later.
We follow the spirit of the proof of Theorem 1 in [Li] and we deduce our Theorem 1
from the forthcoming Theorem 2. So, our Theorem 2 plays the role of Proposition 2
in [Li], but its proof is more elaborate.
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Proof of Theorem 1 for G metrizable. Suppose  ∈ M∪E(G) and consider its
Lebesgue decomposition  = a +s , where a is absolutely continuous (a ∈ L1(G)),
and s is singular. For every f ∈ L∞Ec(G), where Ec =  \ E, we have
f ∗  = f ∗ a + f ∗ s .
Since f ∗ ∈ L∞ ,  is a Lust-Piquard set, and f ∗a is a continuous function, (f ∗s)
has a unique invariant mean, for every  ∈ . The next theorem implies that s = 0,
which concludes the proof of Theorem 1 in the metrizable case. 
Theorem 2. Let G be a metrizable compact abelian group, let E be a Riesz subset of
 = Gˆ, and let  ∈ M(G) be a singular measure. If  
= 0, there exist f ∈ L∞Ec(G)
and  ∈  such that ( ∗ f ) has several invariant means.
In the proof of Theorem 2 we will need the following lemma to produce functions
without a unique invariant mean:
Lemma 3. Let G be a compact abelian group and  an open dense subset of G.
Suppose f ∈ L∞(G),  ∈ C, and ε > 0 are such that
|f − |ε a.s. on .
Then there exists an invariant mean M such that |M(f ) − |ε.
Proof. There exists an invariant mean M such that M(F) = 1 (see for instance [R1]).
Since ‖M‖ = 1, we have M(g) = 0, for every g ∈ L∞ vanishing almost everywhere on
. Then M(f ) = M(f F), and, since ‖f F−F‖∞ε, we get |M(f )−M(F)|ε
and the lemma follows. 
We will also need the following proposition. For  ∈ M(G), we denote by || its
variation, which is a ﬁnite positive measure.
Proposition 4. Let G be a metrizable compact abelian group, E a Riesz subset of
 = Gˆ,  ∈ M(G) a singular measure, D a countable dense subset of G, and ε > 0.
There exists an open set V and f ∈ L∞Ec(G) such that:
(i) ‖f ‖∞1 and ‖f ‖1ε.
(ii) |f − 1|ε, a.s. on V.
(iii) ||(−V + d) = ‖‖, for every d ∈ D.
We postpone the proof of Proposition 4 and we give ﬁrst the proof of Theorem 2.
Proof of Theorem 2. We will prove that if ˆ(0) 
= 0, there exists f ∈ L∞Ec(G) such
that f ∗  has several invariant means. One can easily reduce to this case: if  
= 0,
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there exists  ∈  such that ˆ() 
= 0; the measure  is singular, and the set E − 
is a Riesz set, so there exists g ∈ L∞(E−)c (G) such that g ∗ () has several invariant
means. But we can write g = f for some f ∈ L∞Ec(G), and g ∗ () = (f ∗ ).
So let us suppose that (G) = ˆ(0) =  
= 0. Take a countable dense subset D of G,
and choose ε > 0 such that ε(2 + ‖‖) < ||/3. Applying Proposition 4 to , D, and
ε, we get f ∈ L∞Ec(G) and an open set V satisfying (i)–(iii).
We then have ‖f ∗ ‖1‖f ‖1‖‖ε‖‖ < ||/3. If we prove the existence of an
open dense set  such that
|f ∗ − | ||/3 a.s. on , (1)
Lemma 3 gives an invariant mean M such that
|M(f ∗ ) − | ||/3.
Since |̂f ∗ (0)|‖f ∗‖1 < ||/3, we have M(f ∗) 
=̂f ∗ (0), and f ∗ has several
invariant means.
Let  be the set
 = {x ∈ G : ||(−V + x) > ‖‖ − ε}.
As V is open,  is also an open set (by the regularity of ||). By (iii), D is included
in , so  is dense. Pick x ∈ , and let us prove (1):
|f ∗ (x) − | =
∣∣∣∣
∫
G
(
f (x − t) − 1) d(t)∣∣∣∣ 
∫
G
|f (x − t) − 1| d||(t).
Observe that if t ∈ x − V , then |f (x − t) − 1|ε a.s. by (ii). We also have
||(G \ (x − V )) = ‖‖ − ||(x − V ) < ε, since x belongs to . So
|f ∗ (x) − |
∫
x−V
ε d||(t) +
∫
(x−V )c
2 d||(t)ε(‖‖ + 2) < ||/3,
and the theorem follows. 
We now prove Proposition 4. The key of the construction is Lemma 5 below, whose
proof follows the ideas of Bishop’s proof of Rudin–Carleson Theorem [B] (see also
[R2, p. 124]).
Proof of Proposition 4. We can assume 0 < ε < 1, and denote D = {d1, d2, . . .}.
Let (n)n0 be a strictly increasing sequence of real numbers such that 0 = 0, and
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limn→∞ n = ε/2. We are going to construct a sequence (fn)n0 in the open unit
ball of CEc(G), an increasing sequence (Vn)n0 of open subsets of G, and a compact
set C satisfying the following conditions:
(a) m(C) > 1 − ε/2.
(b) |fn(x) − fn+1(x)| < n+1 − n, for every x ∈ C ∪ Vn, for every n0.
(c) |fn(x) − 1| < n, for every x ∈ Vn, for every n1.
(d) |fn(x)| < n, for every x ∈ C, for every n1.
(e) ||(−Vn + dk)‖‖ − 1/n, for 1kn, for every n1.
Suppose we have made this construction and take V =
⋃
n0
Vn. Owing to condition
(e) we have, for every k1:
||(−V + dk)‖‖ − 1/n for every nk.
This yields ||(−V + dk) = ‖‖, for every k1, which is (iii) in the statement.
The sequence (fn) is bounded in L∞Ec(G), a weak*-closed subspace of L∞. So there
exists a subsequence of (fn) converging in the weak* topology to some f ∈ L∞Ec(G),
with ‖f ‖∞1. This f will make the job.
By condition (b), the sequence (fn) converges pointwise on C ∪ V . Its pointwise
limit coincides with f almost everywhere on C ∪ V , and we may assume f (x) =
limn→∞ fn(x), for every x ∈ C ∪ V . Moreover, modifying, if necessary, f on a null
subset (with respect to the Haar measure) of (C ∪ V )c, we may and do assume that
for every t ∈ G, |f (t)|1.
Conditions (c) and (d) imply
|f (x) − 1|ε/2 for x ∈ V and |f (x)|ε/2 for x ∈ C.
This gives (ii) and ‖f ‖1ε, since, by condition (a), m(G \ C) < ε/2, and so
‖f ‖1
∫
C
ε
2
dm +
∫
G\C
‖f ‖∞ dm ε2 +
ε
2
.
In order to perform our construction we ﬁrst produce the compact set C, then we
give the inductive procedure in order to obtain the sequences (Vn) and (fn). Since 
is singular, there exists a Borel set A such that ||(A) = ‖‖ and m(A) = 0. Since D
is countable, we have m(−A + D) = 0. By the inner regularity of the Haar measure,
there exists a compact set C ⊂ G\ (−A+D) such that m(C) > 1− ε/2. So C satisﬁes
(a) and we also have
||(−C + d) = 0 for every d ∈ D, (2)
since A ∩ (−C + d) = ∅, for d ∈ D.
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We start the inductive construction taking V0 = ∅, and f0 = 0. At every step,
assuming fn is known, we deﬁne
Vn = {x ∈ G : |fn(x) − 1| < n}. (3)
This gives (c).
We will need the following lemma whose proof is postponed.
Lemma 5. Let G be a compact abelian group, E a Riesz subset of , K and L two
disjoint compact subsets of G with m(K) = 0, and  > 0. Given two functions f ∈
CEc(G), and h ∈ C(K) with ‖f ‖∞ < 1, and ‖h‖∞ < 1, there exists g ∈ CEc(G), with
‖g‖∞ < 1, satisfying:
|g − f | <  on L and |g − h| <  on K.
Suppose we have constructed f0, . . . , fn, V0, . . . , Vn. Put
Fn = {x ∈ G : |fn(x) − 1|n}.
Fn is compact and contains Vn by (3).
We also have Fn ∩C = ∅: for n = 0, this is obvious since F0 = ∅; for n1, it is a
consequence of (d) and our assumption ε < 1 which implies n < 12 .
Deﬁne the measure n as
n(B) =
n+1∑
k=1
||(−B + dk) for every Borel set B.
Clearly n is a singular measure, and (2) yields n(C) = 0. So by the regularity of
n, we can ﬁnd a compact set Kn included in G \ (Fn ∪ C) such that m(Kn) = 0 and
n(Kn)n
(
G \ (Fn ∪ C)
)− 1
n + 1 = n(G) − n(Fn) −
1
n + 1 .
Then, as Kn ∩ Fn = ∅, we have n(Kn ∪ Fn)n(G) − 1/(n + 1), that is
n(G \ (Kn ∪ Fn))1/(n + 1). By deﬁnition of n, for every k ∈ {1, . . . , n + 1},
||(−(G \ (Kn ∪ Fn)) + dk)1/(n + 1). We obtain
||(−(Kn ∪ Fn) + dk)‖‖ − 1
n + 1 for k = 1, 2, . . . , n + 1. (4)
Now we apply Lemma 5 to K = Kn, L = Fn ∪ C, f = fn, h = 1 − n, and
 = n+1 − n, and we obtain a function g which will be our fn+1. Since Vn ⊂ Fn,
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we get |fn+1(x) − fn(x)| < n+1 − n, for every x ∈ Vn ∪ C, which is condition (b).
In particular, for every x ∈ C, we have
|fn+1(x)| |fn+1(x) − fn(x)| + |fn(x)| < n+1 − n + n = n+1,
which is condition (d).
We now prove that Fn ∪ Kn is included in Vn+1 = {x ∈ G : |fn+1(x) − 1| < n+1}.
This will ﬁnish the proof of the proposition since it gives Vn ⊂ Vn+1 and condition
(e) by (4). If x ∈ Fn, we have
|fn+1(x) − 1| |fn+1(x) − fn(x)| + |fn(x) − 1| < n+1 − n + n = n+1.
If x ∈ Kn, we have
|fn+1(x) − 1| |fn+1(x) − h(x)| + |h(x) − 1| < n+1 − n + n = n+1.
So Fn ∪ Kn ⊂ Vn+1 and the proposition follows. 
Proof of Lemma 5. Let F be the disjoint union of K and L. Let g˜:F → C be deﬁned
by g˜(x) = f (x), for x ∈ L, and g˜(x) = h(x), for x ∈ K . Finally let
U = {g|F : g ∈ CEc(G), ‖g‖∞ < 1} ⊂ C(F).
We have to prove the existence of 	 ∈ U , such that ‖g˜ − 	‖C(F ) < .
Reasoning by contradiction, let us suppose that U ∩ B(g˜, ) = ∅, where B(g˜, ) is
the open ball in C(F ) with center g˜ and radius . U is a convex set, and B(g˜, ) an
open convex set. By the Hahn–Banach Theorem there exist 
 ∈ R and  ∈ (C(F ))∗
such that
(()) > 
((	)) for every  ∈ B(g˜, ), and every 	 ∈ U. (5)
Since 0 ∈ U , we have 
0. We can assume ‖‖ = 1, which yields
{(()) :  ∈ B(g˜, )} = (((g˜)) − ,((g˜)) + ).
Then, by (5), |(g˜)|((g˜))
+ .
There exists a measure  ∈ M(F ) representing the functional . We have
∣∣∣∣
∫
F
g˜ d
∣∣∣∣ 
+ , (6)
P. Lefèvre, L. Rodríguez-Piazza / Journal of Functional Analysis 233 (2006) 545–560 553
and

(∫
F
g d
)

 for every g ∈ CEc(G), with ‖g‖∞ < 1. (7)
The map g → ∫
F
g d deﬁnes a linear functional on CEc(G), which has norm less or
equal to 
 by (7). By Hahn–Banach and Riesz Representation Theorems, there exists
a measure  ∈ M(G) such that ‖‖
, and
∫
G
g d =
∫
F
g d for every g ∈ CEc(G). (8)
We can also consider  as an element of M(G), a measure supported by F. In this
setting, (8) yields
∫
g d(− ) = 0 for every g ∈ CEc(G),
and this implies ̂− (−) = 0, for every  ∈ Ec; that is − ∈ M−E(G). Since −E
is a Riesz set, we get − ∈ L1(G). This implies, since m(K) = 0, that |−|(K) = 0,
and so, for every function  ∈ C(K), we have
∫
K
 d =
∫
K
 d.
In particular, using this last equality, (8), and the fact that L = F \ K , we get
∫
G\K
g d =
∫
L
g d for every g ∈ CEc(G).
Applying the last two equalities to g˜ gives a contradiction with (6). Indeed
∫
F
g˜ d =
∫
L
f d+
∫
K
h d =
∫
G\K
f d+
∫
K
h d.
Hence ∣∣∣∣
∫
F
g˜ d
∣∣∣∣ ‖f ‖∞||(G \ K) + ‖h‖∞||(K)‖‖
.
This contradiction to (6) ﬁnishes the proof of the lemma. 
Remark. Pushing the proof of Lemma 5, we obtain a stronger statement (which seems
to be new, even for the classical case of the disk algebra):
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Proposition 6. Let G be a compact abelian group, E a subset of  = Gˆ. TFAE
(i) E is a Riesz set.
(ii) For any two disjoint compact subsets K and L of G with m(K) = 0, and every
 > 0, for every function f ∈ CEc(G), and h ∈ C(K) with ‖f ‖∞ < 1, and
‖h‖∞ < 1, there exists g ∈ CEc(G), with ‖g‖∞ < 1, satisfying: |g − f | <  on L
and g = h on K.
In general, one cannot obtain g = h on K, and g = f on L. For instance, in the
case G = T and E = Z−, CEc(G) can be identiﬁed with the disk algebra. Then, if L
is a compact set with m(L) > 0, the condition g = f on L implies f = g everywhere
for functions in the disk algebra, and, in particular, one cannot choose the behaviour
of g on the compact set K.
Proof. (ii) ⇒ (i) is the classical Bishop–Rudin–Carleson theorem.
For the converse, let us see how we can obtain the extra condition f = h on K in
Lemma 5. Let R: CEc(G) → C(K) be the restriction map. By Bishop’s Theorem [R2,
p. 124] the map R is open. Consider, for  > 0 the set
V = {g ∈ CEc(G) : ‖g‖∞ < 1, |g(x) − f (x)| <  for all x ∈ L}.
Observe that R(V) contains R(Vε) for 0 < ε < . Then by Lemma 5, R(V) is dense
in the open unit ball of C(K). Since V is open and convex, R(V) is an open convex
set dense in the open unit ball. Hence R(V) is the open unit ball of C(K), and so
h ∈ R(V) as we wanted to prove. 
We now give the proof of Theorem 1 in the non-metrizable case. We only have to
reduce to the metrizable case. This uses the following lemma:
Lemma 7. Let G be a compact abelian group and E a subset of  = Gˆ which is not
a Riesz set. There exists a countable subgroup 0 of , such that E∩0 is not a Riesz
set.
Proof. We only have to prove that E contains a countable subset E0 which is not a
Riesz set, 0 being the subgroup generated by E0.
There exists a measure  ∈ ME(G) with  /∈ L1(G). If ̂ belongs to c0(), then
E0 = { ∈  : ̂() 
= 0} is a countable subset of E which is not a Riesz set.
If ̂ does not belong to c0(), there exist ε > 0 such that S = { ∈  : |̂()|ε}
is an inﬁnite subset of E. Let T be an inﬁnite countable subset of S, and let  be the
subgroup generated by T. There exists a measure  ∈ M(G) such that ̂ = F. Then
take E0 =  ∩ E, and  =  ∗ . Clearly  ∈ ME0(G) and ̂() = ̂(), for every
 ∈ T ⊂ E0. Therefore, E0 is not a Riesz set since ̂ /∈ c0() hence  /∈ L1(G). 
End of the proof of Theorem 1. If E were a Riesz set,  a Lust-Piquard set, and
E ∪  were not a Riesz set, then by Lemma 7 for some countable subgroup 0,
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0 ∩ (E ∪ ) would not be a Riesz set. This set would be the union of a Riesz set
0 ∩ E and a Lust-Piquard set 0 ∩ , both contained in 0. Hence we may assume
that E and  are contained in a countable subgroup 0.
Let H be the annihilator of 0. The quotient group G/H is metrizable since its dual
group, which can be identiﬁed to 0, is countable (see [R3]). A set S ⊂ 0 may be
viewed both as a subset of the dual group of G and of the dual group of G/H .
Let  denote the quotient map from G onto G/H . It is known that, for every
p ∈ [1,∞], the map : f → f ◦  is an isometry from Lp(G/H) onto Lp0(G), so
L
p
S (G/H) is identiﬁed to L
p
S (G), for every S ⊂ 0.
The map  is also an isometry from C(G/H) onto C0(G). By duality, this gives an
isometry from M(G)/Mc0(G) onto M(G/H). But the quotient space M(G)/Mc0(G)
is isometric to M0(G), since the map  →  ∗ mH produces a norm one projection
from M(G) onto M0(G) whose kernel is Mc0(G). Then for every S ⊂ 0, we may
identify MS(G) and MS(G/H). Therefore S is a Riesz set for G if and only if it is
a Riesz set for G/H .
Let S ⊂ 0 be a Lust-Piquard set for G, and let M be an invariant mean on
L∞(G/H). Deﬁne
M˜(f ) = M(−1(f ∗ mH)), f ∈ L∞(G).
It is easy to see that M˜ is an invariant mean on L∞(G). For every f ∈ L∞S (G/H)
and every character  ∈̂G/H ,  ◦  is in 0, and since S is Lust-Piquard,
M(f ) = M˜( ◦ f ◦ ) = ( ◦ ̂f ◦ )(0) = (̂f )(0).
We have shown that f has a unique invariant mean, and so S is a Lust-Piquard set
for G/H .
Now we can ﬁnish the proof. Assume E ⊂ 0 is a Riesz set for G, and  ⊂ 0 is
a Lust-Piquard set for G. Then E is a Riesz set for G/H , and  is a Lust-Piquard set
for G/H . By the metrizable case, E ∪ is a Riesz set for G/H , and therefore E ∪
is a Riesz set for G. 
4. An example
Here, we give an example of a Rosenthal set of integers, which is dense for the
Bohr topology (a fortiori it is not a strong Riesz set). Following the terminology of
[A], where we found inspiration for part of our construction, we will actually construct
a (new) set of type (S). We recall that the Bohr topology on Z is the trace on Z of the
topology of the Bohr compactiﬁcation of Z (i.e. the compact dual group of the torus,
endowed with the discrete topology). Another way to describe the Bohr topology on
the set of integers is to endow Z, viewed as the subset {en| n ∈ Z} of C(T), with the
pointwise convergence topology on T. In the following, we always consider the Bohr
topology on Z.
We ﬁrst recall the well known
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Remark. Let S ⊂ Z and k ∈ Z. If for every integer m1, there is some integer pm1
such that {k + pm, . . . , k + mpm} ⊂ S, then k ∈ S.
Indeed, it sufﬁces to prove it for k=0. We ﬁx a neighborhood of 0:V={m: |em(x)−1|<ε,
for every x∈X}, where ε > 0 and X ⊂ T is a ﬁnite set with cardinal L. We choose two
integers q > 2/ε and m0 > qL. By the Dirichlet box principle, there is an integer
1n0m0 such that for every x ∈ X, the distance (in R) between n0pm0x and Z is
less than 1/q. Hence n0pm0 ∈ S ∩ V . We conclude that 0 ∈ S.
Before giving the construction of the desired set, we need some lemmas
Lemma 8. Let S be a Bohr dense subset of Z. Let (cm)m1 and (pm)m1 be sequences
of integers. We assume that pm1, cm ∈ S and for every x ∈ S, {m1| cm = x} is
inﬁnite.
Then  =
⋃
m1
{cm + pm, . . . , cm + mpm} is Bohr dense in Z.
Proof. By the preceding remark, S ⊂ . 
Lemma 9. Let (an)n1 and (bn)n1 be sequences of integers.
We assume that 1a1 < b1 < · · · < bn−1 < an < bn < · · ·, and bn/an → ∞.
Then S =
⋃
n1
[an, bn] ∩ Z is Bohr dense in Z.
Proof. This follows from the preceding remark. Indeed, ﬁxing k ∈ Z and an integer
m1, there is some integer n such that (bn − k)/man − k + 11. Now, we pick
an integer pm ∈ [an − k, (bn − k)/m], hence k + jpm ∈ [an, bn] ∩ Z ⊂ S for every
j ∈ {1, . . . , m}. 
Now, we construct the desired set. We take p1 = 10. Assuming that p1, . . . , pn−1 are
already constructed, we deﬁne pn = (2n+1)Rn−1+3n+4, where Rj =
∑j
i=1 i(2pi+1)(for j1) and R0 = 0. Then we deﬁne
an = Rn−1 + 1 and bn is the integral part of pn − n − Rn−12 − 1.
We easily check that the sequences (an)n1 and (bn)n1 satisfy the hypothesis of
Lemma 9 (actually bnnan) so that S =
⋃
n1
[an, bn] ∩ Z is Bohr dense in Z.
We introduce a sequence (cn)n1 such that cm ∈ S, 1cmm and for every x ∈ S,
{m1| cm = x} is inﬁnite. Note that 1 ∈ S.
At last, we deﬁne
 =
⋃
m1
m where m = {cm + pm, . . . , cm + mpm}.
We denote An = {0} ∪
{
lpn + εcn| ε ∈ {−1, 0, 1}; l ∈ {±1, . . . ,±2n}
}
. We have
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Lemma 10. Let x1, . . . , xs , where xj ∈ Aj , and y = x1 + · · · + xs . We have
(i) |y|Rs .
(ii) xn 
= 0 ⇒ |y|pn − n − Rn−1, where n ∈ {1, . . . , s}.
(iii) y = 0 ⇒ x1 = · · · = xs = 0.
(iv) Assume that for some m ∈ {1, . . . , s} and l ∈ {1, . . . , m}, we have y = cm + lpm
then xj = j,my for every j ∈ {1, . . . , s}.
Proof. (i) It is obvious. If xn 
= 0 for some n ∈ {1, . . . , s}, let n0n be the maximal
integer such that xn0 
= 0. Then, by (i),
|y|pn0 − cn0 −
∑
jn0−1
|xj |pn0 − n0 − Rn0−1pn − n − Rn−1
i.e. we have (ii). This obviously implies (iii).
For the last assertion, assuming the hypothesis, (ii) gives that xj=0 for j>m. By (i)
applied to s=m−1, we have xm 
 =0, in particular, xm=l′pm+εcm. So x1+ · · ·+xm−1
= (l−l′)pm+(1−ε)cm. Hence, |l−l′|pm2cm+|x1|+ · · · +|xm−1|2m+Rm−1 < pm,
so that l = l′ and x1 + · · · + xm−1 = cm, where  ∈ {0, 1, 2}. Suppose that  
= 0 and
take n < m maximal such that xn 
= 0, we deduce as in (ii) that Rncmpn−n−Rn−1
i.e. cm lies in [ 12 (pn−n−Rn−1), Rn] ⊂]bn, an+1[, which contradicts the fact that cm ∈ S.
We conclude that ε = 1 and by (iii) that x1 = · · · = xm−1 = 0. 
Lemma 11. Let N1 be an integer,  be a subset of {1, . . . , N} and (n)n∈ ∈ T.
There exists g ∈ L1(T), with norm 1, such that for every n ∈ {1, . . . , N} and every
l ∈ {1, . . . , n}, we have
gˆ(lpn + cn) = 14
(
1 − l
2n + 1
)
e2iln if n ∈  and gˆ(lpn + cn) = 0 if n /∈ .
Proof. The idea is to deﬁne a kind of Riesz product. For n ∈  and t ∈ T, we
introduce
gn(t) = 12
[
1 − cos(2cnt) + (1 + cos(2cnt))F2n(pnt + n)
]
where Fm is the usual Féjèr kernel.
Since gn is non-negative, ‖gn‖1 = ĝn(0), and ĝn(0) = 1 because lpn ± cn 
= 0 for
|l|1. Actually gn ∈ L1An(T) and for every l ∈ {±1, . . . ,±2n} and ε ∈ {−1, 0, 1},
ĝn(lpn + cn) = 12|ε|+1 F̂2n(l)e2iln . Indeed, εcn + lpn = ε′cn + l′pn ⇒ ε = ε′ and l = l′.
Moreover ĝn(cn) = ĝn(−cn) = 0.
Now, let g =
∏
n∈ gn ∈ L
1(T).
As g is non-negative, ‖g‖1 = ĝ(0) and ĝ(0) =
∏
n∈ ĝn(0) = 1, owing to (iii) in
Lemma 10. The conclusion follows from (iv) in Lemma 10. 
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Proposition 12. Let N1 be an integer. Let f1, . . . , fN be polynomials such that
fj ∈ Cj (T).
Then
N∑
j=1
‖fj‖∞48
∥∥∥∥∥∥
N∑
j=1
fj
∥∥∥∥∥∥∞
.
Proof. We may write fj (t) = e2icj tQj (pj t), where Qj ∈ C{1,...,j}(T) and obviously
‖fj‖∞ = ‖Qj‖∞.
Observe that ‖Qj‖∞2‖F2j ∗Qj‖∞. Indeed, by the classical Bernstein inequality
‖Qj − F2j ∗ Qj‖∞ = 12j + 1
∥∥∥∥∥∥
j∑
l=1
lQ̂j (l)el
∥∥∥∥∥∥∞
 j
2j + 1‖Qj‖∞.
Now, pick j ∈ T such that ‖F2j∗Qj‖∞ = |F2j∗Qj(j )|. Writing zj = F2j∗Qj(j ),
it is well known (see [R5, Lemme 6.3]) that we can ﬁnd  ⊂ {1, . . . , N} such that
6
∣∣∣∣∣∣
∑
j∈
zj
∣∣∣∣∣∣ 
N∑
j=1
|zj |.
Applying Lemma 11, we get g ∈ L1(T) and we have∥∥∥∥∥∥
N∑
j=1
fj
∥∥∥∥∥∥∞

∣∣∣∣∣∣
N∑
j=1
fj ∗ g(0)
∣∣∣∣∣∣
=
∣∣∣∣∣∣
N∑
j=1
j∑
l=1
Q̂j (l)gˆ(cj + lpj )
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∑
n∈
n∑
l=1
1
4
F̂2n(l)Q̂n(l)e
2iln
∣∣∣∣∣∣
= 1
4
∣∣∣∣∣∣
∑
n∈
F2n ∗ Qn(n)
∣∣∣∣∣∣ .
Hence∥∥∥∥∥∥
N∑
j=1
fj
∥∥∥∥∥∥∞
 1
24
N∑
j=1
|F2j ∗ Qj(j )| = 124
N∑
j=1
‖F2j ∗ Qj‖∞ 148
N∑
j=1
‖Qj‖∞
P. Lefèvre, L. Rodríguez-Piazza / Journal of Functional Analysis 233 (2006) 545–560 559
= 1
48
N∑
j=1
‖fj‖∞. 
Now, we are ready to state the result
Theorem 13. There exists a set of integers which is a Rosenthal set and is dense for
the Bohr topology.
Proof. The set  constructed above is dense for the Bohr topology by Lemmas 8 and
9. Proposition 12 easily implies that  is a Rosenthal set (the argument is the same
as in [Ro]). 
Remark. In [KR], a similar result is proved for (p) sets (Theorem 7.8). The con-
structed set is also a union of some translate of thin ﬁnite sets. Roughly speaking,
Kunen and Rudin consider some translate (by any integer, taken inﬁnitely many times)
of ﬁnite subsets of A−A, where A is a Hadamard set. Our construction is a bit differ-
ent. Moreover, their Theorem 7.8 does not imply directly our Theorem 13, since there
are some (p) sets which are not Rosenthal sets (see [LQR]).
The example in Theorem 13 allows to construct an example of a Lust-Piquard set
to which neither Meyer’s result, nor Dressler–Pigno’s, nor Rudin’s may apply.
Corollary 14. There exists a Lust-Piquard set which is neither a Rosenthal set, nor a
strong Riesz set, nor a (1) set.
Proof. Let L1 be the Rosenthal set constructed in Theorem 13 and L2 be the Lust-
Piquard set constructed in [LLQR]. We recall that L2 is a Hilbert set, hence it cannot
be a (1) set. We deﬁne L = (2L1) ∪ (2L2 + 1).
Obviously, the closure of L for the Bohr topology contains 2Z. Therefore L is not a
strong Riesz set. Since L2 is not a Rosenthal set, neither does L.
To see that L is a Lust-Piquard set, observe that every f ∈ L∞L (T) is the sum of
its even and its odd part: f = f1 + f2, where f1 ∈ L∞2L1(T) and f2 ∈ L∞2L2+1(T).
A straightforward argument shows that for every Lust-Piquard set S of integers, 2S is
also a Lust-Piquard set. We easily conclude that, for every integer n, both enf1 and
enf2 have a unique invariant mean, a fortiori so does enf . 
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